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Abstract
We study the ground state phase diagram of the two-dimensional spin S ¼ 12 dimer model with an anisotropic intra-plane coupling. A
supersolid phase characterized by a non-uniform bose condensate density that breaks translational symmetry is found when the
anisotropy 4\D\3. The rich phase diagram contains a checkerboard solid and two different types of superﬂuid phase with ﬁnite
staggered magnetization in z-axis and in-plane direction, respectively. We show that the model can be realized if next nearest neighbor
(n.n.n.) coupling among dimers is taken into account.
r 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Recent experiments on spin dimer compounds, such as
TlCuCl3, KCuCl6 and BaSiCu2O6 [1], have conﬁrmed the
formation of superﬂuid (SF) of the spin triplets under an
external magnetic ﬁeld. These spin bosons have also
previously been found to be crystallized, signaled by the
magnetization plateau, in dimer compounds such as
SrCu2(BO3)2 [2]. The competition between repulsive interaction and kinetic motion decides whether the ground state
is a solid or is a SF [3]. This raises the possibility of a
supersolid (SS) [4] state with simultaneous off-diagonal and
diagonal long-range orders. While SS is unstable against
phase separation for hardcore bosons in a square lattice
[5,6], the spin bosons are shown to be semi-hardcore [7].
Using quantum Monte Carlo method we demonstrate that
the ground state of a spin dimer XXZ model could be SF of
two kinds of triplets, a quantum solid (QS) or, most
importantly, a SS. This XXZ anisotropy can be easily
realized if the n.n.n. interaction among dimers is considered.
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In particular, we study the two-dimensional bilayer AF
spin dimer XXZ model
X
X
H XXZ ¼  h
S zl;i þ J
S1;i  S2;i
ð1Þ
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ð2Þ

l;hi;ji

where l ¼ 1; 2 denotes the layer index and the third term
sums over all nearest neighbors (n.n.) in the xy plane for
both layers. Since JbJ 0 (we take J 0 =J ¼ 0:29 in this paper),
the low energy physics is conveniently described by the
interaction of the four spin states, singlet (jsi) and triplets
Sz ¼ 0, 1 (jt0; i) of each dimer. Although jsi and jt0 i mix
in the presence of h, their densities are still well deﬁned and

can be deduced from the relations nt0  ns ¼ hS þ
1 S2 þ
þ 
S2 S 1 i and ns þ ntþ þ nt þ nt0 ¼ 1. While nt can be easily
measured, nt0 and ns are obtained by calculating the spin
correlation function. The difference of ntþ  nt gives the
uniform magnetization mz .
To study the phase diagram, we focus on the following
order parameters:
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which are the staggered magnetization in z direction, in the
xy direction, and the structure factor of jtþ i state,
respectively. As shown before [7,8], the square of mzs and
mxy represent the condensate densities of hardcore boson
ay , which creates
boson
pﬃﬃﬃ a jt0 iþstate, and of semi-hardcore
z
byi ¼ ð1Þi = 2ðS þ

S
Þ.
The
ﬁnite
values
of
m
and
mxy
s
1;i
2;i
signal the condensation of these two different types of
bosons and we name the resulted superﬂuids as SFI and
SFII, respectively. At wavevector Q ¼ ðp; pÞ, the structure
factor SðQÞ=N is non-vanishing when there exists a
checkerboard solid ordering in which translational symmetry is broken. In the case where both condensate density
and structure factor are ﬁnite, the system is a SS. Our
numerical simulation using the original individual spin
basis of Hamiltonian H XXZ indeed shows the presence of
SS phase from D  324.
2. Results and discussion
Fig. 1(a) shows the ﬁeld dependence of the order
parameters. SFI and SFII are found at low and high ﬁelds,
respectively, where there is no solid ordering. Note that msz
is ﬁeld independent since the energy of jt0 i is not affected
by the applied ﬁeld. The SFII condensate density n0 ¼ m2xy
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Together with n.n. coupling J 0 S1;i S1;j , it leads to an XXZ
model with effective n.n. coupling of J  ¼ J 0  J 00 and
anisotropy D given by J  D ¼ J 0 þ J 00 . The inclusion of J 00
now breaks the spin rotational symmetry. Therefore, if
J 00 ¼ J 0 =2 one has a spin dimer XXZ model with D ¼ 3,
close to the SS phase.
In summary, we demonstrate that the spin dimer XXZ
model, a natural semi-hardcore boson system with defects,
contains a SS phase that characterized by the bipartite

0.1

1.5

reduces to zero at a saturated ﬁeld where all spins are
polarized in z-direction. Lowering h=J from SFII phase,
via a ﬁrst order phase transition the system becomes a
checkerboard QS of jtþ i states. To reduce interaction
energy, jtþ i has more occupation in one sublattice than the
other.
Between the phase QS and SFI, there is a second order
phase transition that the structure factor reduces gradually
as n0 increases. This is the SS phase that breaks both
diagonal (translational) and off-diagonal (U(1) gauge)
symmetries. Finite size scaling indicates that the SS phases
is stable in the thermodynamic limit [8]. To examine the
condensate more closely, P
we deﬁne the sublattice condensates nA and nB as na ¼ i2a hbyi i=N, where a ¼ A; B. In
our simulation, wePcompute the products of sublattice
condensate nab ¼ i2a;j2b hbyi bj i=N 2 . We found that
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nAA anBB (Fig. 1(b)) and nAB ¼ nBA ¼ nAA nBB in the SS
phase, which means nab ¼ na nb , and nA anB . It indicates
that the condensate has a checkerboard ordering on its
own, which is the intrinsic nature of a SS state. The full
phase diagram of D vs. h=J is shown in Fig. 2. The SS
phase is stable in a parameter region 4\D\3.
As mentioned, these phases can be realized in real
material when n.n.n. coupling J 00 S1;i S2;j (i; j are n.n.) is
taken into account. In bond operator representation, when
the jt0 i states is ignored, spin operators S z1;2  12ðtyþ tþ 
y
p1ﬃﬃ y
ty t Þ and S þ
1;2   2ðs t  tþ sÞ. Then the n.n.n. coupling
is approximately given by
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Fig. 1. (a) The condensate density n0 , structure factor Sðp; pÞ=N, and outof-plane staggered magnetization msz =4 for D ¼ 3:5 of lattice size
20  20  2. (b) The sublattice condensates nAA and nBB in the SS phase
for different linear size L, D ¼ 3:3.
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Fig. 2. Ground state phase diagram (L ! 1) of D vs. h=J.
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condensate density. The anisotropy can be a consequence
of including the n.n.n. coupling among dimers. We propose
that spin dimer compounds may be a natural place to
realize the SS state of semi-hardcore bosons.
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